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Abstract
Let pn be an arbitrary regular polygon with n sides. What is the maximum number k(pn)
of congruent regular polygons(copies of pn) that can be arranged so that each touches pn but
no two of them overlap? Youngs (Amer. Meth. Monthly 46 (1939) 20), Klamkin et al. (Math
Mag. 68 (1995) 128) and others established that k(p3) = 12, k(p4) = 8, and k(p6) = 6. Likuan
Zhao (Discrete Math. 188 (1998) 293) established that k(pn) = 6(n¿ 6). In this paper, we will
establish k(p5) = 6. Thus we prove the guess in Likuan Zhao and completely solve the kissing
numbers of all regular polygons. c© 2002 Elsevier Science B.V. All rights reserved.
Keywords: Kissing number; Regular polygon; Triangle
1. Introduction
Two plane ?gures are said to kiss each other if they do not overlap but their bound-
aries have nonempty intersection. For a plane ?gure F , a kissing con?guration of order
n consists of n + 1 congruent nonoverlapping copies of F such that one copy kisses
each of the remaining n. The kissing number of F , denoted by k(F), is the largest
integer n such that a kissing con?guration of order n exists for F .
Let pn be an arbitrary regular polygon with n sides. For the square p4, Youngs
[1] seem to have been the ?rst to establish that k(p4)= 8 and Fig. 1 is a kissing
con?guration of order k(p4)= 8 for square p4. The determination of k(p4) was later
posed as a Putnam competition problem. Youngs’ result was reproduced in the solu-
tion book [4]. Klamkin et al. [2] also an gave elementary proof that k(p4)= 8 and
presented a few kissing con?gurations of order k(p6)= 6 for p6 (of which Fig. 2 is
only one). The author [3] established that k(pn)= 6(n¿6). So far, we have known
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Fig. 1. Fig. 2.
that k(p3)= 12; k(p4)= 8 and k(pn)= 6(n¿ 6). It remains as an open problem to
?nd k(p5), but we only put a guess that k(p5)= 6 (see [3]). In this paper, we treat
this question. The proof in this paper is elementary and is based on exploring the
minimum angle between the centers of two adjacent pentagons to a central one. But
the method in this paper is completely diLerent from the method in [3]. In addition,
for k(p3)= 12; k(p4)= 8, the proofs [1,2] are quite complicated. Using the method in
this paper, we easily establish that k(p3)= 12 and k(p4)= 8.
2. The theorem and its proof
Theorem. Suppose that p5 is an arbitrary regular pentagon, then k(p5)= 6.
In order to prove the above theorem, we need the following lemma.
Lemma (Halberg [5]). Suppose that pn is an arbitrary regular polygon, Then
k(pn)¿ 6.
Proof of the theorem. Suppose p5; p′5 and p
′′
5 are three nonoverlapping congruent
regular pentagons such that p5 kisses both p′5 and p
′′
5 . Let O; A; B be respectively
the centers of p5; p′5 and p
′′
5 .
First, we prove that “AOB¿ 54◦. Let R; r be, respectively, the radius of the circle
circumscribing p5; p′5 and p
′′
5 and the circumscribed. Without loss of generality, sup-
pose that R=1, then r=cos 36◦. Clearly, AB is at least 2r=2 cos 36◦. For the triangle
ABC, according to the relation between its sides and angles, we know that only for
AB=2r=2 cos 36◦ can the angle AOB attains its minimum, that is, p′5 and p
′′
5 have
a common side CD, while p5 kisses p′5 and p
′′
5 . Therefore, the three regular pen-
tagons p5; p′5 and p
′′
5 only have the following two cases (see Figs. 3 and 4): either 1:
The regular pentagons p5; p′5 and p
′′
5 have a common vertex C and p
′
5 and p
′′
5 have a
common side CD (see Fig. 3), or, 2: The regular pentagons p′5 and p
′′
5 have a common
side CD and vertices E; F of p5 lies, respectively, on the sides CM and CN of p′5 and
p′′5 (see Fig. 4).
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Fig. 3. Fig. 4.
Case 1: Since CA=CB=CO=R=1, point C is the center of circle circumscribing
the triangle AOB. While p′5 and p
′′
5 are regular pentagons, the angle ACB=108
◦.
Therefore, by Euclid’s Proposition III.20, the angle AOB=54◦.
Case 2: Let CE= x; CF =y; “CEF =  and x; y¿0. Since p5 is regular pentagon,
and its radius R=1, EF =2 sin 36◦ and “FEO=54◦. By the law of cosine on the
triangle CEO, we have
OC2 = EO2 + EC2 − 2EO EC cos(54◦ + )
= 1 + x2 − 2x cos(54◦ + )
= 1 + x2 − 2x(cos 54◦ cos − sin 54◦ sin )
= 1 + x2 − 2x(sin 36◦ cos − cos 36◦ sin ): (1)
By the law of cosine on the triangle CEF,
cos =(x2 + 4 sin2 36◦ − y2)=4x sin 36◦: (2)
Since EF =2 sin 36◦; CE= x; CF =y, and “ECF =144◦, by the law of sines on the
triangle CEF , we have
y=sin =2 sin 36◦=sin 144◦ =2 sin 36◦=sin 36◦ =2:
That is
sin =y=2: (3)
By Eqs. (1)–(3), we have
OC2 = 1 + (x2 + y2 + 2xy cos 36◦ − 4 sin2 36◦)=2: (4)
By the law of cosine on the triangle CEF again,
4 sin2 36◦ =EF2 = x2 + y2 − 2xy cos 144◦ = x2 + y2 + 2xy cos 36◦:
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That is
x2 + y2 + 2xy cos 36◦ − 4 sin2 36◦ =0: (5)
By Eqs. (4) and (5), we have
OC2 = 1 or OC =1:
By OC =AC =BC =R=1, we have (by Euclid’s Proposition III.20)
“AOB=54◦:
Thus for the congruent regular pentagons p5, p′5 and p
′′
5 , if p
′
5 and p
′′
5 kiss p5, and
p′5, p
′′
5 do not overlap, then by cases 1 and 2, we have
“AOB¿ 54◦:
Second, we prove that k(p5)= 6. In fact, by “AOB¿ 54◦, we have
k(p5)6 360◦=54◦¡7;
while k(p5) is an integer, therefore,
k(p5)6 6: (6)
By the lemma, we have
k(p5)¿ 6: (7)
From inequalities (6) and (7), we have
k(p5)= 6:
The proof of the theorem is completed.
3. The simple proof of kissing numbers of p3 and p4
For p3 and p4, Youngs and Klamkin et al. have established that k(p3)= 12 and
k(p4)= 8. But their proofs are quite complicated. Now, we give a simple proof.
Suppose that p3; p′3 and p
′′
3 are any three nonoverlapping congruent equilateral
triangles and p3 kisses both p′3 and p
′′
3 . Let O; A; B be, respectively, the centers of
p3; p′3 and p
′′
3 . Similar to p5, only for AB=2r=2 cos 60
◦ =1 can the angle AOB
attains its minimum. Clearly, only case 1 in Section 2 can happen (see Fig. 5). Since
CA=CB=CO=R=1, by Euclid’s Proposition III.20, we have “AOB=30◦. There-
fore, for any three nonoverlapping congruent equilateral triangles p3; p′3 and p
′′
3 such
that p′3 and p
′′
3 do not overlap, then “AOB¿ 30
◦, thus
k(p3)6 360◦=30◦ =12: (8)
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Fig. 5.
Fig. 6. Fig. 7.
We know that Fig. 6 is a kissing con?guration of order 12 for p3, so
k(p)¿ 12: (9)
From inequalities (8) and (9), we have
k(p3)= 12:
For square p4, suppose that p4; p′4 and p
′′
4 are any three nonoverlapping congruent
squares, and p4 kisses both p′4 and p
′′
4 . Let O; A; B be, respectively, the centers of
p4; p′4 and p
′′
4 . Clearly, two cases in Section 2 can happen. For case 1, similar to p5,
we easily obtain
“AOB=45◦: (10)
For case 2, that is, p′4 and p
′′
4 have a common side CD, and vertices E; F of p4
lies, respectively, on the sides CM and CN of p′4 and p
′′
4 (see Fig. 7).
Suppose that line AB crosses line CD at G and line AB crosses line OH at right
angles. Since AC =BC =R=1; AG=GB= r=
√
2=2; OH =2r=
√
2. Let “AOH = ;
“BOH = , GH = x(06 x6
√
2=2), on the triangles OAH and OBH,
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we have
tan“AOH = tan =AH=OH =(
√
2=2 + x)=
√
2;
tan“BOH = tan =BH=OH =(
√
2=2− x)=
√
2;
tan“AOB= tan(+ )= (tan + tan )=(1− tan  tan )
=
(
√
2=2 + x)=
√
2 + (
√
2=2− x)=√2
1− [(√2=2 + x)=√2][(√2=2− x)=√2]
= 4=(3 + 2x2): (11)
Since 06 x6
√
2=2, by Eq. (11) we have tan“AOB¿ 1= tan 45◦, therefore,
“AOB¿ 45◦: (12)
From Eq. (10) and inequality (12), we have “AOB¿ 45◦, so
k(p4)6 360◦=45◦ =8: (13)
We know that Fig. 1 is a kissing con?guration of order 8 for p4, therefore,
k(p4)¿ 8: (14)
From (13), (14), we have
k(p4)= 8:
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